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We briefly review recent progress on calculating susceptibilities in planar Ising models.

1. Introduction

First of all, a project like the current one cannot be undertaken by a single person.
We owe a lot to our collaborators, teachers, and colleagues, especially R.J. Baxter,
H.W. Capel, A.J. Guttmann, M. Jimbo, B.-Q. Jin, X.-P. Kong, T. Miwa, B.M.
McCoy, B.G. Nickel, W.P. Orrick, M. Sato, and T.T. Wu. The literature on the
two-dimensional Ising model also is very extended. Therefore, we shall only give
limited citations, and encourage the interested reader to consult the quotations in
these references. Most of the current work is a brief review of results in Refs. 1–4.

The symmetric two-dimensional Ising model is defined by

H = −J
∑
m,n

(σm,nσm,n+1 + σm,nσm+1,n). (1)

For this model it is convenient to define elliptic modulus5

k = 1/ sinh2(2J/kBT ), (2)

which is < 1 for T < Tc and > 1 for T > Tc, with k → 1/k giving the Kramers-
Wannier duality transformation.

The spontaneous magnetization is simply given by6,7

〈σ〉 =
{

(1 − k2)1/8, T < Tc,

0, T ≥ Tc.
(3)

The calculation of the pair correlation function

C(m, n) = 〈σ0,0σm,n〉 (4)
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is more involved and can be carried out using quadratic difference equations8

[
C(m, n+1)C(m, n−1) − C(m, n)2

]
+k

[
C∗(m+1, n)C∗(m−1, n) − C∗(m, n)2

]
= 0, (5)[

C(m + 1, n)C(m−1, n) − C(m, n)2
]

+k
[
C∗(m, n+1)C∗(m, n−1) − C∗(m, n)2

]
= 0, (6)

where C∗(m, n) is the dual correlation function obtained by replacing k → 1/k. For
the symmetric case (1), these two equations are equivalent. To solve them we need
initial conditions. For T = Tc, we have

C(n, n) = C∗(n, n) =
n∏

j=1

Γ(j)2

Γ(j + 1
2 )Γ(j − 1

2 )
. (7)

which form was already known to Onsager and Kaufman.9 For T �= Tc, C(n, n) and
C∗(n, n) can be calculated by Toeplitz determinants1,4, 7

C(n, n) = (−1)n det
1≤i,j≤n

(
{ai−j−1}

)
, (8)

C∗(n, n) = det
1≤i,j≤n

(
{ai−j}

)
, (9)

where

an= (2nk−1an−1 + a−n)/(2n + 1), (10)

a−n−1= (2nka−n + an−1)/(2n + 1), (11)

for n = 1, 2, · · ·, with the initial conditions

a0 =
2
πk

[
E(k) − (1 − k2)K(k)

]
, a−1 = − 2

π
E(k). (12)

However, it can be done faster by another set of quadratic difference equations
due to Jimbo and Miwa.10

2. High- and Low-Temperature Series for Susceptibility

Very recently, with the help of (5) the high- and low-temperature series for the
susceptibility were much extended by the authors of Ref. 2. In terms of the reduced
susceptibility,

χ̄ ≡ kBTχ =
∞∑

m,n=−∞

(
〈σ0,0σm,n〉 − 〈σ0,0〉2

)
, (13)

they found for T > Tc,

χ̄ = 1 + 4sh + 12s2
h + 32s3

h + 76s4
h + 176s5

h + 400s6
h + · · ·

+ 20073302588291729914311665722841070356623232518453\
67545550226445723763406738301159160108585998318576 s323

h , (14)
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with sh ≡ s/2 ≡ sinh(2K)/2, and for T < Tc,

χ̄ = 4s4
l + 16s6

l + 104s8
l + 416s10

l + 2224s12
l + · · ·

+ 3051547724509044350855662072500389468463893273907\
5732810211229434299420849612234517174982030845245\
5331887458424846630637797467206682914215700492366\
9271259707379855275224873707435550114462001144064 s646

l , (15)

with sl ≡ 2/s ≡ 2/ sinh(2K). The size of the coefficients may look ridiculous at
first sight. However, it is well-known to series expanders that the new information
in each successive coefficient is often in the last few digits.

Near the ferromagnetic critical point, the susceptibility behaves asymptotically
as

β−1χ±

(
√

1 + τ2 + τ)
1/2

≈ C0±(2Kc

√
2)7/4|τ |−7/4F̂± + B̂f , (16)

where (
√

1 + τ2 + τ)1/2 = 1/
√

s and τ = (1/s − s)/2, and ± stands for T above or
below Tc. In (16) the ferromagnetic background is given by2

B̂f = (−0.104133245093831026452160126860473433716236727314
−0.07436886975320708001995859169799500328047632028τ

−0.0081447139091195995371542858655723893266057740τ2

+0.004504107712232015926355020852986970591364528τ3

+ · · · − 0.16279253648974618861881216566686τ14)
+(log |τ |)×

(0.032352268477309406090656526721221666637730948898τ

−0.0057755293796884630091487564013201013677152980τ3

+ · · · − 0.041428586463052869356803144137620τ14)
+(log |τ |)2×

(0.0093915698711458721317953318727075770649513654τ4

−0.00869592546287923802156416645191752987912922τ6

+ · · · − 0.0055571002151161308034896964314679τ14)
+(log |τ |)3×

(−0.000015771569138451840480001012621461738178τ9

+0.0000344282066208887553647799856857753380τ11

−0.0000524427177487226174161583779149393τ13), (17)

whereas, the ferromagnetic scaling amplitudes functions are given by2

F̂+ = 1 + τ2/2 − τ4/12 − 0.1235292285752086663τ6

+0.136610949809095τ8 − 0.13043897213τ10 + · · · , for T > Tc, (18)

F̂− = 1 + τ2/2 − τ4/12 − 6.321306840495936623067τ6

+6.25199747046024329τ8 − 5.6896599756180τ10 + · · · , for T < Tc. (19)
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More coefficients are given in Ref. 2. The last digit in each term above may not be
reliable. As we have normalizeda F±(τ) → 1 for T → Tc (or τ → 0), we need to
give also the leading susceptibility amplitudes:

C+
0 = 1.000815260440212647119476363047210\

236937534925597789 (2Kc

√
2)−7/4

√
2,

C−
0 = 1.000960328725262189480934955172097\

320572505951770117 (2Kc

√
2)−7/4

√
2/(12π). (20)

Near the antiferromagnetic critical point, the susceptibility behaves as

β−1χ

(
√

1 + τ2 + τ)
1/2

≈ B̂af , (21)

where

B̂af = 0.1588665229609474882333592313690210116925239008416
+0.149566836938535905194382029433591286374711207262τ

+0.01071222587983288033470968550659996768542030678τ2

+ · · · + 0.007123677682511208149032476379667τ14

+(log |τ |)
(−0.1553171901580110585934133538932734529992121600305τ

+0.03206714814586975221843437287457551882247161782τ3

+ · · · − 0.0094056230380765607719474925088649τ14)
+(log |τ |)2

(0.01153371437882328027949011442761203640684043805τ4

−0.011311734920691560067535056532207842716405684τ6

+ · · · − 0.00674470189451526288478200059343432τ14)
+(log |τ |)3

(0.0000578997194764877297760067221144062249541τ9

−0.00016991508824012890240796446744935908812τ11

+0.00032664884687465587957270016883093909τ13). (22)

The difference of F̂+ and F̂− in Eqs. (18) and (19) implies that a suggestion
of Aharony and Fisher11 breaks down in higher order. They had brought up the
possibility that there are “no irrelevant variables.” This they concluded from the
speculation that the Ising model free energy in the critical region can be described
entirely by two nonlinear but “analytic” (thermal and magnetic) scaling fields. Then
the scaling amplitude can be found to be

F̂± = 1 +
1
2
τ2 − 31

384
τ4 +

125
3072

τ6 + O(τ8), (23)

equal above and below Tc.2

aNote that we have a slight change of notation with respect to Ref. 2, as we have rescaled all B’s
and F ’s with a factor

√
s.
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We now know that this simple picture is incomplete and that corrections to
scaling due to breaking of rotational symmetry must be considered. Indeed, the
correlation functions have a kind of multipole long-distance expansion,12 which can
explain the deviations from fourth order on. Very recently, a conformal field theory
explanation has also been given.13 To study the effect in more detail we shall have
to study the model on other lattices.

Another interesting feature discussed in Ref. 2 is that the susceptibility has a
natural boundary at the critical point, i.e. there exists a closed curve of (essential)
singularities fully prohibiting analytic continuation in the complex temperature
plane from high to low temperatures. The Ising susceptibility is not differentiably
finite, unlike the zero-field free energy and the spontaneous magnetization. This
then explains why there is no simple closed form expression available after half a
century of research. Yet, we now have algorithms of polynomial complexity, which
is as good for numerical analysis.

3. Baxter’s Z-invariant inhomogeneous Ising model

Baxter’s Z-invariant Ising model is defined in terms of a set of oriented straight lines
carrying “rapidity” variables ui, vj , · · ·. In the scaling limit the scaled correlation
function depends on a single distance variable R, as first discovered by Bai-Qi Jin,1

R =
1
2

[{ 2m∑
j=1

cos(2uj)
}2

+
{ 2m∑

j=1

sin(2uj)
}2]1/2

. (24)

This is given in terms of the 2m rapidity variables crossing between the two spins in
question. Using the diagonal correlation length ξd to introduce the scaled distance

r = R/ξd, where ξ−1
d = | log k|, (25)

we have found the most general form of the scaled correlation functions to be

〈σσ′〉 ≈ |1 − k−2|1/4F (r), 〈σσ′〉∗ ≈ |1 − k−2|1/4G(r), (26)

where the functions F (r) and G(r) satisfy

FF ′′ − F ′2 = −r−1GG′, GG′′ − G′2 = −r−1FF ′, (27)

and the front factor is the square of the spontaneous magnetization for T < Tc or
k > 1. F (r) and G(r) are the Painlevé functions for the uniform rectangular Ising
lattice,14 see Refs. 1, 4 for more details.

4. Susceptibility in Z-Invariant Lattice

For a general ferromagnetic Z-invariant lattice with N sites, the susceptibility χ is
given by

χ̄ ≡ kBTχ = lim
N→∞

1
N

∑
m1,n1

∑
m2,n2

(
〈σm1,n1σm2,n2〉 − 〈σ0,0〉2

)
, (28)
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where (m1, n1) and (m2, n2) run through the possible coordinates of the spins. In
periodic cases one of the two sums can be done trivially. In quasiperiodic cases this
can only be done asymptotically at the largest distance scale. Hence, in the scaling
limit and for both periodic and quasiperiodic Z-invariant lattices, χ̄ becomes

χ̄ ≈ g0

∫ +∞

−∞
dM

∫ +∞

−∞
dN

F̌±(κR)
R1/4

, (29)

where

F̌−(κR)
R1/4

= |1 − k−2|1/4
(
G(R/ξd) − 1

)
, (30)

F̌+(κR)
R1/4

= |1 − k−2|1/4 F (R/ξd), (31)

κ = 1/ξd = | log k|, and R reduces to

R =
√

aM2 + 2bMN + cN2 (32)

with a, b, and c known constants that can be calculated choosing suitable integer
coordinates M and N . Also, g0 is the corresponding multiplicity factor counting
how many spin distance vectors fall exactly or asymptotically within a unit cell in
the (M, N) plane. Therefore,4

χ̄ =
2πg0√
ac − b2

∫ ∞

0

dr r3/4F̌±(r) κ−7/4 + · · · = A±|t|−7/4 + O(|t|−3/4), (33)

with t ≡ |T −Tc|/Tc, giving the exact T > Tc and T < Tc susceptibility amplitudes
for all periodic and quasiperiodic Z-invariant lattices.

Note that this result implies that the ratio A+/A− is universal for all periodic
and quasiperiodic ferromagnetic Z-invariant Ising models. This may be the first
time that this is shown to this generality for the magnetic susceptibility. For the
analysis of the long susceptibility series in the isotropic square lattice A+ and A−
were evaluated to very high precision by Nickel.

Therefore, we can now give A+ and A− for the isotropic square (sq), triangular
(tr) and honeycomb (hc) lattices to many places, i.e.4

Asq
+ = 0.9625817323087721140443298094334694951671391947579365,

Atr
+ = 0.9242069582451643296971575778559317176696261520028389,

Ahc
+ = 1.046417076152338359733871672674357433252295746539088,

Asq
− = 0.02553697452202390538595345622639847192921968727077455,

Atr
− = 0.02451890447700000489080855239719772023653022851422950,

Ahc
− = 0.02776109842539704507743379795258285503609969877633251. (34)

Also, more generally,

χ̄ =
2πg0√
ac − b2

| log(k)|−7/4

∫ ∞

0

dr r3/4F̌±(r) (35)

is a product of a factor depending on rapidities and the modulus and a factor
which is a universal integral over a Painlevé V function. Hence, the amplitudes
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are known—in principle—to this high accuracy for all Z-invariant (quasi)-periodic
cases. We plan to use these values later to analyze long series for the isotropic
triangular and honeycomb lattices, once they are available.

We note that the numbers given above agree to a few places with earlier series
extrapolations. Four of the six agree to about ten places with those of Wu et al.14

and of Vaidya.15 For T above Tc, they agree to better than three places with those
obtained from the Syozi-Naya16 approximation, but this can be understood as this
approximation is precisely the χ

(1)
< approximation in Wu et al.

5. Outlook

We are working to extend and analyze series for other lattices in order to get
more information on irrelevant variables in the corrections to scaling, having a
preliminary algorithm of polynomial complexity for the isotropic honeycomb and
triangular lattices which reproduces the known series coefficients. But more work
needs to be done to increase its efficiency, as we will need to go to one to two
hundred terms, before being able to see clearly the effect of the irrelevant variables.

We are also looking at the susceptibility of Ising models on Penrose tilings.
Finally, we also want to look at the effect of frustration, which occurs in the regime
where elliptic modulus k is purely imaginary.
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