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Wavevector-Dependent
Susceptibility in Aperiodic
Planar Ising Models

Helen Au-Yang and Jacques H.H. Perk

ABSTRACT We study the q-dependent susceptibility of Fibonacci triangular
and honeycomb Ising lattices, with edge interactions which take on both positive
and negative values in an aperiodical way, according to the infinite Fibonacci
sequence. We have found that the peaks of the q-dependent susceptibility are
at incommensurate positions and they are everywhere dense for temperatures T
both above or below the critical temperature Tc, just as in the square lattice.
This result again implies that the aperiodic oscillations in the pair correlation
function are the reason for these incommensurate peaks, more and more of which
become visible as T → Tc, when the correlation length ξ approaches infinity. In
this work we introduce a new algorithm to calculate the next-to-the-diagonal
correlation function of the anisotropic square lattice.

1 Introduction

It was announced in 1984 that the diffraction experiment [1] on some rapidly
cooled alloy shows a five-fold symmetry, which is a symmetry incompatible
with lattice periodicity, and therefore thought to be impossible for crystals.
Since then, many such stable crystals have been found and they are now
called quasicrystals [1–3], and many authors [2–17] including Linus Pauling
[6] have worked on different aspects of this area.

In our previous paper [18], the infinite set of Fibonacci sequences {Sn}
was defined recursively as in [12] by

Sn+1 = SnSn−1, S0 = B, S1 = A; (1.1)

then S2 = AB, S3 = ABA, S4 = ABAAB, and so on. The sequence Sn has
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Fn symbols with Fn the nth Fibonacci number given by

Fn+1 = Fn + Fn−1, F0 = F1 = 1. (1.2)

The Fibonacci Ising model is a special case of the inhomogeneous two-
dimensional Ising model whose Hamiltonian is

βH =
∑
m,n

(K̄m,nσm,nσm,n+1 + Km,nσm,nσm+1,n). (1.3)

where β = 1/kBT . We let either Ki,j = Ki, K̄i,j = K̄j or Ki,j = Ki±j,
K̄i,j = K̄i±j, and then choose the Kn (and K̄n) to be either KA or KB, (K̄A

or K̄B) depending upon whether the nth position corresponds to an A or
B in the finite Fibonacci sequence SN to obtain a periodic lattice where
Kn = Kn+FN

. If we let N → ∞, such that SN → S∞, and FN → ∞, then
the lattice becomes aperiodic. We have considered (a) the ferromagnetic
case with KA �= KB but both positive and also (b) the mixed case with
KA = K and KB = −K.

The wavevector-dependent susceptibility is defined as

kBTχ(qx, qy) = lim
L→∞

1

L2

∑
l1,m1

∑
l2,m2

ei[qx(l2−l1)+qy(m2−m1)]

×
[
〈σl1,m1σl2,m2〉 − 〈σl1,m1〉〈σl2,m2〉

]
, (1.4)

where L is the number of rows and columns in the lattice. It is the Fourier
transform of the connected pair-correlation function. Similar to structure
factors measurable in diffraction experiments, this can also be measured
experimentally. Both will show the lattice symmetry. Our calculations [18]
reveal:

• For an aperiodic Fibonacci Ising lattice, with both ferromagnetic and
antiferromagnetic edge interactions, the q-dependent susceptibility
shows multiple incommensurate peaks which are everywhere dense.
This kind of behavior in the q-dependent susceptibility is called here
in this paper incommensurate behavior.

• Both ordered and disordered systems exhibit such behaviors, which is
in agreement with the result of Peter Stephens, who showed that the
randomized (disordered) icosahedral system [7] gives almost the same
diffraction pattern as a quasicrystal—which is in a solid (ordered)
phase.

• The ferromagnetic aperiodic Fibonacci lattice behaves like the regular
Ising model: One clearly visible peak per unit cell, located at the same
(commensurate) position. In these cases, the pair correlations decay
almost monotonically. Thus even though the lattice is aperiodic, it is
not sufficient to yield incommensurate behavior in the q-dependent
susceptibility.
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• The multiple incommensurate peaks which are everywhere dense are a
result of the aperiodic oscillations in the spin-pair correlations, while
the periodic oscillations in periodic Fibonacci lattices—based on finite
sequences—only yield a finite number of commensurate peaks in the
q-dependent susceptibility. The number of peaks in χ(q) increases,
as T approaches Tc. This implies that the number of visible peaks
depends on the number of oscillations per correlation length.

Even though both ferromagnetic and antiferromagnetic edge interactions
are present in the mixed Fibonacci Ising lattices under consideration, these
systems are not frustrated. In fact, their partition functions are equal to
the partition function of the ferromagnetic model.

In this paper, we shall present the χ(q) result for the Fibonacci trian-
gular and honeycomb lattices. The details for evaluating the correlation
functions for rectangular, triangular and honeycomb lattices are presented
here, which can be used to obtain series expansion for these lattices. This
work may pave the way for future studies of the q-dependent susceptibility
in frustrated Ising models, or the more complicated case with aperiodicity
and frustration.

Outline:
The remainder of this paper is organized as follows. First, in Section 2 we
present the pair-correlation function in the inhomogeneous Z-invariant Ising
model, and its special case, the checkerboard Ising model. We show that
the elliptic modulus k is purely imaginary in the fully-frustrated models,
different from the usual real case. The correlations in the triangular and
honeycomb lattices are obtained as special cases of the checkerboard lattice
for real k in Section 3. In the isotropic cases, many symmetries exist for
these correlation functions. Finally, in Section 4 we define the Fibonacci
triangular and honeycomb Ising models, and then present our results for
the wavevector-dependent susceptibility for different cases.

2 Correlations in Z-invariant Ising Lattices

The inhomogeneous Z-invariant Ising model has been introduced by Baxter
[19]. Here we shall only consider the rectangular case as done in [20]. It
is defined in terms of a set of oriented horizontal straight lines carrying
“rapidity” variables ui and vertical lines with vj. The areas separated by
the rapidity lines can be colored alternatingly black and white. An Ising
spin is associated with each black area and a dual Ising spin with each
white area, as shown in Fig. 1.

The horizontal coupling K(ui, uj) between two spins is represented by a
line connecting these two spins, with the arrows of the two rapidity lines ui

and uj pointing to the same side of this line, as shown in Fig. 2 ; while the
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Fig. 1 The lattice of a two-dimensional Z-invariant Ising model: The rapidity
lines on the medial graph are represented by oriented dashed lines. The positions
of the spins are indicated by small black circles, the positions of the dual spins
by white circles.

ui

uj

K(ui,uj)
ui

uj

K(ui,uj)

Fig. 2 (a) The horizontal coupling K(ui, uj); (b) the vertical coupling K̄(ui, uj).

line representing the vertical coupling K̄(ui, uj) has the arrows of the two
rapidity lines ui and uj pointing to opposite sides.

For the checkerboard Ising model we need to choose

u2m = u′, u2m+1 = u, v2m = v, v2m+1 = v′. (2.1)

As Baxter did in [21], the four different edge interactions between the spins
are now

J1 = K(u, v) J3 = K(u′, v′), J2 = K̄(u, v′), J4 = K̄(u′, v); (2.2)

while the interactions between the white circles are

L1 = K̄(u, v) L3 = K̄(u′, v′), L2 = K(u, v′), L4 = K(u′, v). (2.3)

It has been shown by Baxter [21] that JiLi = k, in which k is the elliptic
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modulus, independent of i and related to the four couplings by

k2 =
4∏

i=1

sinh 2Ji cosh(Ĵ1 + Ĵ2 + Ĵ3 + Ĵ4 − 2Ĵi)

sinh 2Ĵi cosh(J1 + J2 + J3 + J4 − 2Ji)
, (2.4)

where

exp (−2Ĵi) = tanh Ji. (2.5)

The triangular lattice is a special case of the checkerboard Ising lattice in
which J4 → ∞. Using (2.5), we find Ĵ4 → 0 and that (2.4) becomes

k2 = 4 cosh(Ĵ1 + Ĵ2 + Ĵ3)
3∏

i=1

sinh2 2Ji cosh(Ĵ1 + Ĵ2 + Ĵ3 − 2Ĵi), (2.6)

which can be shown to be identical to the earlier results [22–24]. Its dual
lattice having L4 = k/J4 = 0 is now easily seen to be the brick lattice,
another name for the honeycomb lattice.

A system is called fully frustrated [25, 26] if it is impossible to have all
edges or bonds around each elementary plaquette to be in their minimum
energy configuration. Thus, for example, the checkerboard Ising model is
fully frustrated, if J1 = J3 and J2 = −J4. Using (2.5) we then find Ĵ1 = Ĵ3

and Ĵ2 = Ĵ4 + iπ/2. Substituting these four relations into (2.4) we conclude
k2 < 0. Similarly, the isotropic antiferromagnetic triangular Ising lattice
with J1 = J2 = J3 < 0 is also fully frustrated [23], and from (2.6) we again
find k2 < 0. Consequently, for temperatures above the disorder point in
these frustrated lattices, when the system is in the incommensurate fluid
phase with the correlation functions having an oscillatory envelope whose
period is temperature dependent, the elliptic modulus k is purely imaginary.

From now on we shall restrict ourselves to cases with k2 ≥ 0. As in [19,20],
the edge interactions are parametrized by

sinh
(
2K(ui, uj)

)
= k sc(ui − uj, k

′) = cs
(
λ + uj − ui, k

′),
sinh

(
2K̄(ui, uj)

)
= cs(ui − uj, k

′) = k sc
(
λ + uj − ui, k

′), (2.7)

where λ = K′(k) and k′ =
√

1 − k2 is the complementary elliptic modulus.
For the triangular Ising lattice, the condition J4 = ∞ is easily seen from
(2.2) and (2.7) to be equivalent to u′ = v.

The spin-spin correlation function in the inhomogeneous Z-invariant Ising
model has been shown by Baxter [19] to depend only on the elliptic modulus
k and the rapidity variables u’s and v’s that are sandwiched between the two
spins under consideration. As there is always an even number of rapidity
lines sandwiched between black spins, the pair correlation can only be a
function of an even number of rapidity lines. Particularly, for j +k < m+n
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and j − k < m − n, when the arrows of all these relevant rapidity lines are
pointing to the same side of the line joining the two spins (see Fig. 1), we
have—according to the rule in [20]—the result

〈σj,kσm,n〉 = g2m−2j(uj−k+1, . . . , um−n, vj+k, . . . , vm+n−1), (2.8)

〈µj,kµm,n〉 = g∗
2m−2j(uj−k+1, . . . , um−n, v+k+1, . . . , vm+n); (2.9)

while for j + k < m + n and j − k > m−n, when the arrows of the vertical
rapidity lines and the arrows of the horizontal rapidity lines are pointing to
opposite sides of the joining line, we find

〈σj,kσm,n〉 = g2n−2k(um−n+1, . . . , uj−k, λ + vj+k, . . . , λ + vm+n−1), (2.10)

〈µj,kµm,n〉 = g∗
2n−2k(um−n+1, . . . , uj−k, λ + vj+k+1, . . . , λ + vm+n). (2.11)

Z-invariance implies that there should be complete permutation symmetry
under all permutations of the rapidities and the “difference property” in
the elliptic function parametrization implies a translation invariance when
shifting all the uj by the same amount v. If two rapidity variables differ by
λ, they can be viewed as belonging to a single rapidity line—by joining the
two lines together; it then passes between these two spins in one direction
and then turns around. The correlation function cannot depend on them,
i.e.

g2m+2

(
ū1, . . . , ū2m, ū2m+1, ū2m+1 + λ

)
= g2m(ū1, . . . , ū2m). (2.12)

It has been shown previously [18] that the quadratic difference equations
derived in [27] can be written for the Z-invariant Ising model as

S12S34

{
g(u1, u2, u3, u4, · · · )g(· · · ) − g(u1, u2, · · · )g(u3, u4, · · · )

}
=

{
g∗(u1, u4, · · · )g∗(u2, u3, · · · ) − g∗(u1, u3, · · · )g∗(u2, u4, · · · )

}
, (2.13)

k2
{
g(u1, u4, · · · )g(u2, u3 · · · ) − g(u1, u3, · · · )g(u2, u4, · · · )

}
=

S12S34

{
g∗(u1, u2, u3, u4, · · · )g∗(· · · ) − g∗(u1, u2, · · · )g∗(u3, u4, · · · )

}
, (2.14)

where

Sij = sinh 2Kij = k sc(ui − uj, k
′) (2.15)

and the “· · · ” in each equation stand for an arbitrary but fixed even set of
rapidity variables. In the inhomogeneous case, with ui �= uj, we can iterate
these two equations to obtain g2m+2 and g∗

2m+2 successively from g2m, g∗
2m

and g2m−2, g∗
2m−2. Thus from the initial conditions g0 = g∗

0 = 1 and g2

and g∗
2, we can easily evaluate all other correlations . However, if either

u1 = u2 or u3 = u4, then both sides of (2.13) and (2.14) are identically
equal to zero. In such cases, these two difference equations can still be used
by invoking L’Hospital’s rule, to generate all correlations. However this is
a rather awkward and not numerically efficient way.
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3 Correlations in Triangular and Honeycomb Ising

Lattices

As mentioned earlier, if u′ = v, we find J4 → ∞, so that the black spins
in the checkerboard lattice form a triangular Ising lattice. From (2.2) and
(2.7), the three couplings are found to be

sinh
(
2J1

)
= k sc(u − v, k′), sinh

(
2J3

)
= k sc(v − v′, k′),

sinh
(
2J2

)
= k sc(λ − u + v′, k′). (3.1)

For the isotropic lattice, with J1 = J2 = J3, we must have

v − v′ = u − v = λ − (u − v′), (3.2)

which yields

v − v′ = u − v = λ/3, u − v′ = 2λ/3. (3.3)

Triangular Lattice: The correlations for the homogeneous triangular Ising
lattice are easily seen to be translational invariant, namely

〈σm′,n′σm′+m,n′+n〉 = 〈σ0,0σm,n〉. (3.4)

From (2.8) and (2.10) we find

〈σ0,0σm,n〉 =

{
g2m(u1, . . . , um−n, v0, . . . , vm+n−1), m ≥ n

g2n(um−n+1, . . . , u0, λ + v0, . . . , λ + vm+n−1), m < n.
(3.5)

For m + n even, we substitute (2.1) with u′ = v into the above equation to
find

〈σ0,0σm,n〉 = g2m(

1
2
(m−n)︷ ︸︸ ︷

u, v, . . . , u, v,

1
2
(m+n)︷ ︸︸ ︷

v, v′, . . . , v, v′)

= g2m(

1
2
(m−n)︷ ︸︸ ︷

u, . . . , u,

m︷ ︸︸ ︷
v, . . . , v,

1
2
(m+n)︷ ︸︸ ︷

v′, . . . , v′) (3.6)

for −m ≤ n ≤ m, and

〈σ0,0σm,n〉 = gm+n(

1
2
(n−m)︷ ︸︸ ︷

u, . . . , u,

m︷ ︸︸ ︷
λ + v, . . . , λ + v,

1
2
(m+n)︷ ︸︸ ︷

λ + v′, . . . , λ + v′) (3.7)

for −n ≤ m ≤ n. Using (3.5) and (2.1) with u′ = v, one can easily verify
the relation

〈σ0,0σm,n〉 = 〈σ0,0σm,n+1〉, m + n even, (3.8)
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Fig. 3 Two ways of presenting the triangular lattice whose spins are indicated by
small black circles, and its dual the honeycomb lattice whose spins are represented
by white circles.

which is exactly what is should be as the couplings between σm,n and σm,n+1

are infinite.
For the isotropic lattice, we substitute (3.3) into (3.6) and (3.7) to obtain

〈σ0,0σm,n〉 = g2m(

1
2
(m−n)︷ ︸︸ ︷

2
3
λ, . . . , 2

3
λ,

m︷ ︸︸ ︷
1
3
λ, . . . , 1

3
λ,

1
2
(m+n)︷ ︸︸ ︷

0, . . . , 0)

= 〈σ0,0σ 1
2
m− 1

2
n, 3

2
m+ 1

2
n〉 for m > n. (3.9)

The correlations then have reflection symmetry with respect to the three
symmetry axes tilting at the angles 0, π/6 and π/3 with respect to the
horizontal axis:

〈σ0,0σm,n〉 = 〈σ0,0σm,−n〉, (3.10)

〈σ0,0σm,2n−m〉 = 〈σ0,0σn,2m−n〉 = 〈σ0,0σn−m,n+m〉, (3.11)

and also the inversion symmetry

〈σ0,0σm,n〉 = 〈σ0,0σ−m,−n〉. (3.12)

Honeycomb Lattice: For the honeycomb lattice, which is the dual of the
triangular lattice, with L4 = 0, it is easily seen that the lattice can be
seen to contain two sublattices, one containing the even sites and the other
the odd sites. The two sublattices are not translationally equivalent with
respect to each other, but do have reflection symmetry as seen in Fig. 3.
Within each sublattice, all sites are equivalent. This means

〈µm′,n′µm′+m,n′+n〉=



〈µ0,0µm,n〉 = 〈µ1,0µ1+m,n〉, m + n even,

〈µ1,0µ1+m,n〉 = 〈µ0,0µ−m,−n〉, m + n, m′ + n′ odd,

〈µ0,0µm,n〉, m′ + n′ even.

(3.13)
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From (2.9) we find the correlations for m > n to be

〈µ0,0µm,n〉 =




g∗(

1
2
(m−n)︷ ︸︸ ︷

u, . . . , u,

m︷ ︸︸ ︷
v, . . . , v,

1
2
(m+n)︷ ︸︸ ︷

v′, . . . , v′), m + n even,

g∗(

1
2
(m−n+1)︷ ︸︸ ︷

u, . . . , u,

m−1︷ ︸︸ ︷
v, . . . , v,

1
2
(m+n+1)︷ ︸︸ ︷

v′, . . . , v′), m + n odd;

(3.14)

while for n > m they are

〈µ0,0µm,n〉=




g∗(

m︷ ︸︸ ︷
λ+v, . . ., λ+v,

1
2
(m+n)︷ ︸︸ ︷

λ+v′, . . ., λ+v′,

1
2
(n−m)︷ ︸︸ ︷

u, . . ., u), m+n even,

g∗(

m+1︷ ︸︸ ︷
λ+v, . . ., λ+v,

1
2
(m+n−1)︷ ︸︸ ︷

λ+v′, . . ., λ+v′,

1
2
(n−m+1)︷ ︸︸ ︷

u, . . ., u), m+n odd.

(3.15)

For the isotropic case, such that (3.3) holds, these become

〈µ0,0µm,n〉 =




g∗(

1
2
(m−n)︷ ︸︸ ︷

2
3
λ, . . . , 2

3
λ,

m︷ ︸︸ ︷
1
3
λ, . . . , 1

3
λ,

1
2
(m+n)︷ ︸︸ ︷

0, . . . , 0), m + n even,

g∗(

1
2
(m−n+1)︷ ︸︸ ︷

2
3
λ, . . . , 2

3
λ,

m−1︷ ︸︸ ︷
1
3
λ, . . . , 1

3
λ,

1
2
(m+n+1)︷ ︸︸ ︷

0, . . . , 0), m + n odd,

(3.16)

for m > n and

〈µ0,0µm,n〉=




g∗(

m︷ ︸︸ ︷
2
3
λ, . . . , 2

3
λ,

1
2
(m+n)︷ ︸︸ ︷

1
3
λ, . . . , 1

3
λ,

1
2
(n−m)︷ ︸︸ ︷

0, . . . , 0), m + n even,

g∗(

m+1︷ ︸︸ ︷
2
3
λ, . . . , 2

3
λ,

1
2
(m+n−1)︷ ︸︸ ︷

1
3
λ, . . . , 1

3
λ,

1
2
(n−m+1)︷ ︸︸ ︷

0, . . . , 0), m + n odd,

(3.17)

for n > m.
It is obvious that the even correlations of the isotropic honeycomb lattice,

that is with m+n even, have the same symmetry as the correlations of the
isotropic triangular lattice given by (3.10) to (3.12). The odd correlations
only have a three-fold reflection symmetry, namely

〈µ0,0µm,n〉 = 〈µ0,0µm,−n〉, (3.18)

〈µ0,0µm,2n+1−m〉 = 〈µ0,0µn−m+1,n+m〉. (3.19)
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We denote

g[m, j, n] = g(

m︷ ︸︸ ︷
2
3
λ, . . . , 2

3
λ,

j︷ ︸︸ ︷
1
3
λ, . . . , 1

3
λ,

n︷ ︸︸ ︷
0, . . . , 0), (3.20)

and likewise for g∗. The symmetry in the correlations (3.16) and (3.17)
shows that it is only necessary to calculate

g[m, j, j − m], g[m − 1, j, j − m − 1], g[m + 1, j, j − m + 1],
(3.21)

g∗[m, j, j − m], g∗[m − 1, j, j − m − 1], g∗[m + 1, j, j − m + 1],

for 2m < j.
Determinants: As mentioned earlier, whenever the g(ui, uj) ≡ g2(ui, uj)
are given, and as long as two pairs of unequal rapidity variables can be
found among the arguments of g’s, the difference equations can be used
to obtain all correlations recursively. However, for the diagonal correlations
g(v, . . . , v) and the correlation of the next to the diagonal row g(u, v, . . . , v),
this cannot be done. In these two cases, the difference equations are not that
easy to use. We shall next describe how these special correlations can be
evaluated.

The diagonal correlation functions have been given in [28] as the Toeplitz
determinants,

〈σ00σNN〉 = g2N(v, . . . , v) = det
1≤,�,k≤N

(a�−k),

(3.22)

〈µ00µNN〉 = g∗
2N(v, . . . , v) = det

1≤,�,k≤N
(â�−k),

where the elements are given by

an =
1

2πi

∮
dξ ξn

√
kξ−1 − 1

kξ − 1
, ân =

1

2πi

∮
dξ ξn−1

√
1 − kξ

1 − kξ−1
. (3.23)

It is easily seen that the duality transform maps σ → µ and k → 1/k and
maps these elements onto each other.

The next-to-the-diagonal correlation is given in [20] as

〈σ00σN,N−1〉 = g2N(u, v, . . . , v) =

∣∣∣∣∣∣∣∣∣
a0 . . . aN−2 bN−1

a−1 . . . aN−3 bN−2
...

. . .
...

...
a1−N . . . a1 b0

∣∣∣∣∣∣∣∣∣
, (3.24)
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〈µ00µN,N−1〉 = g∗
2N(u, v, . . . , v) =

∣∣∣∣∣∣∣∣∣
â0 . . . âN−2 b̂N−1

â−1 . . . âN−3 b̂N−2
...

. . .
...

...

â1−N . . . â1 b̂0

∣∣∣∣∣∣∣∣∣
. (3.25)

Here, the elements of the last columns differ from those of the diagonal
correlations, and they are

bn =
C ′

2πi

∮
dξ ξn

S ′ + Sξ

√
kξ−1 − 1

kξ − 1
, b̂n =

CS ′

2πi

∮
dξ ξn−1

S ′ + Sξ

√
1 − kξ

1 − kξ−1
,

(3.26)

in which

S ′ = sinh 2K̄ = cs(u − v, k′), C ′ = cosh 2K̄,
S = sinh 2K = k/S ′, C = cosh 2K. (3.27)

They are all functions of u − v. It can be easily verified that the duality
transform which maps S → 1/S ′ and S ′ → 1/S, maps bn → b̂n.

These elements are elliptic integrals. We shall now show how they can
be evaluated by iteration. We first deform the contours to be around the
branch points inside the unit circle. Since k > 1 for T < Tc and k < 1 for
T > Tc, the two cases are different. We shall only consider the case T < Tc

such that the branch points are at 0 and 1/k. The T > Tc results can be
obtained by duality transform. Letting ξ = k−1sn2(u, k−1), and

An =

∫ K(k−1)

0

du sn2n(u, k−1), Xn =

∫ K(k−1)

0

du
sn2n(u, k−1)

1 + sn2(u, k−1)/S ′2 , (3.28)

we can easily show that

an = (2/π)k−n
[
An − k−2An+1

]
, a−n = (2/π)k−n [An − An−1] , (3.29)

bn = (2C ′/πS)k−n−1
[
C2Xn − An

]
. (3.30)

Similarly, we can find

ân =(2/π)k−n−1 [An − An+1] , â−n =(2/π)k−1−n
[
An − k2An−1

]
, (3.31)

b̂n = (2C/π)k−n−1
[
C ′2Xn − S ′2An

]
. (3.32)

It is not difficult to show that the following difference equation holds,

An+1 =
1

(2n + 1)

[
2n(1 + k2)An − (2n − 1)k2An−1

]
, (3.33)
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which can be used to calculate all An from the initial conditions

A0 = K(k−1), A1 = k2[K(k−1) − E(k−1)]. (3.34)

These elements are seen to be functions of k only. It is also easy to show
that

Xn = (S ′)2 [An−1 − Xn−1] , X0 = Π(k2/S2, k−1). (3.35)

The Xn can also be evaluated iteratively. Having the a and b elements, the
determinants in (3.22) and (3.25) can then be calculated using the efficient
algorithm of Nickel [29], which successively evaluates the main minors. Since
the difference is only in the last column, they are evaluated simultaneously.

For the triangular lattice, as well as the rectangular Ising lattice, unlike
the square lattice, the correlations of the next-to-diagonal row given in
(3.25) are a necessary extra condition to generate all other correlations.
As there are no Jimbo-Miwa type recursion formulae [30] yet for these
correlations, the procedure described in the previous paragraph proved to
be the most efficient.

The correlations for T > Tc and k < 1 can be obtained from the low
temperature results by duality transform, namely, letting S → 1/S ′, S ′ →
1/S and k−1 → k, such that 〈σσ′〉 ↔ 〈µµ′〉. Since these correlations are
obtained simultaneously, we may also consider 〈µµ′〉 as the spin-correlation
function for T > Tc.
Difference equations: In the rectangular Ising model, the correlations
have a form which can be denoted by

g[m, 2n − m] = g(

m︷ ︸︸ ︷
u, . . . , u,

2n−m︷ ︸︸ ︷
v, . . . , v). (3.36)

Due to the reflection symmetry about the x-axis, we find g[m, 2n−m] =
g[2n−m, m]. The correlations g[m, 2n−m] and g∗[m, 2n−m] for m = 0, 1
are the diagonal and the next-to-diagonal correlations which are evaluated
by the method described in the previous subsection for n ≤ N , with N
chosen according to the desired accuracy such that for n > N the connected
correlations are negligible. To evaluate g[m, 2n−m] for m ≥ 2, we may now
choose u1 = u3 = u and u2 = u4 = v in (2.13) and (2.14), then it is easily
seen that g[m, 2n−m + 2] can be calculated, whenever g[m−2, 2n−m],
g[m−1, 2n−m+1], g∗[m, 2n−m], g∗[m−2, 2n−m+2] and g∗[m−1, 2n−m+1] are
given; similarly for g∗. Thus a double do-loop is sufficient for our purpose.
For fixed m starting from the smallest value m = 2 to successively larger
values, we evaluated g[m, 2n−m] and g∗[m, 2n−m] for increasingly larger
n starting from the smallest allowed value 2n−m ≥ 2.

The correlations for the honeycomb and triangular Ising models have the
forms given in (3.21), so that a triple do-loop is necessary. We fixed j from



Wavevector-Dependent Susceptibility in Aperiodic Planar Ising Models 13

0 to N , and evaluated g[j +2, j +1, 1] and g∗[j +2, j +1, 1] iteratively by
choosing u1 =u3 =u and u2 =v and u4 =v′ in (2.13) and (2.14). Then fixing
m from 0 to � 1

2
j�, we first evaluated, for 0 ≤ n ≤ m, g[n+1, j+2, j−2m+n+1]

and g∗[n+1, j+2, j−2m+n+1] by choosing u1 = u and u2 = u3 = v and
u4 = v′. Then we evaluated g[m+2, j+1, j−m+1] and g∗[m+2, j+1, j−m+1]
for j > 0 by choosing u1 = u3 = u and u2 = u4 = v′. This is a routine that
calculates only those functions in (3.21) which are absolutely necessary for
the correlations in the isotropic triangular and honeycomb lattices.
Susceptibility χ(q): Even though the couplings are equal in the triangular
lattice, the lattice spacings in the three directions are not equal, as shown
in Fig. 3(a). To make the lattice truly isotropic as shown in Fig. 3(b), we
need to shift the spins so that every side of the elementary triangle equals
2. This can be done by shifting (m, n) to r = (

√
3m, n) shown in Fig. 3(b).

Consequently, the q-dependent susceptibility in (1.4) becomes

kBTχ(qx, qy)= lim
L→∞

2

L2

∑
m+n
even

∑
m′+n′
even

ei[qx

√
3m+qyn]

[
〈σm′,n′σm+m′,n+n′〉c

]
, (3.37)

where the connected correlation function is defined as

〈σm′,n′σm,n〉c = 〈σm′,n′σm,n〉 − 〈σm′,n′〉〈σm,n〉. (3.38)

For the isotropic lattice with translational symmetry (3.4), it becomes

kBTχ(qx, qy) =
∑
m,n

ei[qx

√
3m+qyn]

[
〈σ0,0σm,n〉c

]
. (3.39)

Similarly, to make the brick lattice in Fig. 3(a) into an isotropic honeycomb
lattice as shown in Fig. 3(b), where the edges of the elementary honeycomb
are all equal to 2/

√
3, we let

(m, n) → r =

{
(
√

3m, n), m + n even,

(
√

3m −
√

3/3, n), m + n odd.
(3.40)

Consequently, for two spins located at (m′, n′) and (m′ + m, n′ + n), their
distance vector becomes

r − r′ =




(
√

3m, n), m + n even,

(
√

3(m + 1/3), n), m + n odd, m′ + n′ odd,

(
√

3(m − 1/3), n), m + n odd, m′ + n′ even.

(3.41)

The susceptibility can now be written as

kBTχ(qx, qy)= lim
L→∞

1

L2

[ ∑
m′,n′

∑
m+n
even

ei[qx

√
3m+qyn]〈σm′,n′σm+m′,n+n′〉c
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+
∑

m′+n′
even

∑
m+n
odd

2 cos[qx

√
3(m − 1/3) + qyn]〈σm′,n′σm+m′,n+n′〉c

]
, (3.42)

where we have first changed m, n → −m,−n in the sum over the variables
with both m′ + n′ and m + n odd, and then made the change of variables
m′ − m → m′ and n′ − n → n′, such that m′ + n′ are now changed from
odd to even. For the isotropic case, the above equation becomes,

kBTχ(qx, qy) =
∑
m+n
even

cos[qx

√
3m + qyn]〈σ0,0σm,n〉c

+
∑
m+n
odd

cos[qx

√
3(m − 1/3) + qyn]〈σ0,0σm,n〉c

]
. (3.43)

The density plot of the 1/χ(q) for the isotropic triangular and honeycomb
lattices can then be plotted and they are shown in Fig. 4.
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Fig. 4 The density plot of 1/χ(q):(a) for Triangular and (b) Honeycomb lattices

4 Fibonacci Triangular and Honeycomb Ising model

Above, we have shown how to evaluate the correlation functions of the
isotropic ferromagnetic Ising models on both the triangular and honeycomb
lattices with all the interactions of equal strength. We now consider those
Fibonacci lattices, whose correlations are obtainable from the isotropic case
by gauge transformations.
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4.1 Definition of Fibonacci Ising model

For j + m even, we let Kj,m → ∞ in (1.3) so that σj,m+1 → σj,m. As a
consequence all the odd spins in the checkerboard lattice are dropped, and
the resulting Hamiltonian of the inhomogeneous triangular lattice sums over
only even spins

−E/kBT =
∑
j,m

Hj,2m−j, (4.1)

where

Hj,m = σj,m

[
Kj,mσj+1,m−1 + Kj,m+1σj+1,m+1 + K̄j,m+1σj,m+2

]
. (4.2)

The triangular Fibonacci Ising lattice may be formed by letting

Hj,m = σj,m [Kjσj+1,m−1 + Kjσj+1,m+1 + Kσj,m+2] . (4.3)

such that Kj is either −K or K depending on whether the jth position
corresponds to A or B in the Fibonacci sequence S∞. Let N(j) denote the
number of negative bonds among {K1, K2, . . . , Kj−1}. Now we define the
gauge transformation

σj,m → (−1)N(j)σj,m, (4.4)

such that all couplings given by (4.3) in (4.1) are now positive under such
spin flips. The partition function, which is a sum over all the spin variables,
is invariant under such spin flips. Hence the free energy in such Fibonacci
Ising models is identical to the free energy of the ferromagnetic model.
However, the pair correlation function under such a gauge transformation
picks up signs, i.e.

〈σj1,m1σj2,m2〉 → (−1)N(j1)+N(j2)〈σj1,m1σj2,m2〉0 , (4.5)

where 〈σj1,m1σj2,m2〉0 is the spin-pair correlation function in the isotropic
ferromagnetic triangular Ising model.

Similarly, we can consider j +m even, and let K̄∗
j,m−1 → 0. The resulting

inhomogeneous honeycomb lattice has

Hj,m = σj,m

[
K∗

j,mσj+1,m + K̄∗
j,mσj,m+1 + K̄∗

j,m−1σj,m−1

]
. (4.6)

We may define a Fibonacci honeycomb lattice by letting

Hj,m = σj,m [Kjσj+1,m + Kσj,m+1 + Kσj,m−1] , (4.7)

in which Kj is again either −K or K depending on the jth position in the
infinite Fibonacci sequence. The gauge transformation in (4.4) again makes
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all couplings in (4.7) positive, leaving the free energy unchanged, but the
correlation function picks up sign factors as in (4.5).

For the triangular Fibonacci Ising lattice, we rewrite (3.37) as

kBTχ(qx, qy) =
∑
m+n
even

cos[qx

√
3m + qyn]C(c)(m, n); (4.8)

while for the honeycomb Fibonacci lattice, we find from (3.42)

kBTχ(qx, qy) =
∑
m+n
even

cos[qx

√
3m + qyn]C(c)(m, n)

+
∑
m+n
odd

cos[qx

√
3(m − 1/3) + qyn]C(c)(m, n), (4.9)

in which

C(c)(j, m) = lim
L→∞

2

L2

∑
j′+m′
even

〈σj′,m′σj′+j,m′+m〉(c). (4.10)

It is worthwhile to note that the first term in (4.9) is identical to the sum in
(4.8), related to an old observation of Fisher [31]. Therefore the summation
over the even lattice sites in the calculation of the q-dependent susceptibility
for the honeycomb lattice, yields the susceptibility of the triangular lattice.

Following [18], the result of Tracy [12] and (4.5) are again used to relate
expression (4.10) to the correlation of the regular ferromagnetic lattice. We
let N(m, m′) be the number of negative horizontal bonds (or A’s in the
Fibonacci sequence) among the m bonds sandwiched between the m′th and
(m′ + m)th columns. Using Lemma 2.5 in [12], we find that N(m, m′) is
either �αm� or �αm� + 1, where �x� denotes the integer part of x and
α = (

√
5−1)/2, the golden ratio. Furthermore, as m′ takes all the allowed

values in the entire interval, −∞ < m′ < ∞, the probability that N(m, m′)
equals �αm� is (1−{αm}), where {x} is the fractional part of x, while the
probability that N(m, m′) equals �αm�+ 1 is {αm}. Consequently, for the
Fibonacci triangular and honeycomb lattice given by (4.3) and (4.7), we
find

C(j, m)(c) = φ(j) 〈σ0,0σj,m〉(c)0 (4.11)

where 〈σ0,0σj,m〉(c)0 is the correlation of the isotropic ferromagnetic triangular
lattice, and the averaged phase factor φ(m) is

φ(m) = (−1)�mα�(1 − 2{mα}), α ≡ 1
2
(
√

5 − 1). (4.12)

Substituting (4.11) into (4.9) and using a software package like Maple, we
can calculate the q-dependent susceptibilities at various temperatures. Some
density plots are presented in Fig. 5.
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Fig. 5 Density plots of 1/χ(q) for the Fibonacci Ising lattices whose correlations
are given by (4.11): (a) Triangular and (b) Honeycomb at k = 1.4247730 (T < Tc)
with x = qy and y = qx.

It is clear from Fig. 4(b) that there are three equivalent symmetry axes.
Equation (4.11) is a consequence of the gauge transformation in (4.4) that
spins with the same j are flipped in the same way, which is easily seen to be
equivalent to having the spins with same � 1

2
(j − m)� or � 1

2
(j + m)� flipped

in the same way. In this way we can obtain two other equivalent versions
of (4.11), namely

C(j, m)(c) = φ(� 1
2
(j − m)�) 〈σ0,0σj,m〉(c)0 ,

C(j, m)(c) = φ(� 1
2
(j + m)�) 〈σ0,0σj,m〉(c)0 , (4.13)

corresponding to the other two symmetry axes.
We may even combine these sequences of spin flips to get

C(j, m)(c) = φ(j) φ(� 1
2
(j − m)�) 〈σ0,0σj,m〉(c)0 . (4.14)

For such cases, density plots of the q-dependent susceptibility for T > Tc

are shown in Fig. 6.
It is also possible to form a triangular lattice or a honeycomb lattice with

aperiodicity in three directions by letting

C(j, m)(c) = φ(j) φ(� 1
2
(j − m)�) φ(� 1

2
(j + m)�) 〈σ0,0σj,m〉(c)0 . (4.15)

The resulting density plots of the inverse q-dependent susceptibility again
have the 3-fold symmetry as shown in Fig. 7. It is interesting to note that
Fig. 7(b) is almost identical to the diffraction maxima in a three-fold plane
of an icosahedral glass shown in Fig. 5(c) of [7].
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Fig. 6 Density plots of 1/χ(q) for the Fibonacci Ising lattices described by (4.14):
(a) Triangular and (b) Honeycomb at k = .2363561688.
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Fig. 7 Density plots of 1/χ(q): (a) for Fibonacci Triangular and (b) Honeycomb
lattices with aperiodicity in three directions as given by (4.15) at k = .70186619.
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5 Open Questions

In view of the present work, some questions may be raised, suggesting
projects for further research:

Question 1: Can the correlation function of antiferromagnetic triangular
lattices be calculated by difference equations? What is then the q-dependent
susceptibility of the frustrated model? What are the possible differences in
the q-dependent susceptibility between the commensurate fluid and the
incommensurate fluid?
Question 2: It has been shown by the Dutch mathematician N.G. de Bruijn
[32] that Penrose tiles are duals of 5-grids, five sets of parallel lines. It has
been suggested by Korepin [8, 33–35] to treat these grid lines as rapidity
lines. This way we obtain a Z-invariant Ising model on a Penrose tiling, with
five sets of rapidity lines. However, the spin-spin correlation functions can
only be functions of the rapidity lines sandwiched between the two spins,
and are independent of the geometry. Is it then possible to use the Ising
model correlations to evaluate the wavevector-dependent susceptibility of
the corresponding Penrose tiling model?
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